
Hyperbolic Geometric Graph Representation Learning for 
Hierarchy-imbalance Node Classification 

Xingcheng Fu Yuecen Wei Qingyun Sun 
School of Computer Science and Guangxi Key Lab of Multi-source School of Computer Science and 

Engineering, BDBC, Information Mining Security, Engineering, BDBC, 
Beihang University Guangxi Normal University Beihang University 

Beijing, China Guilin, China Beijing, China 
fuxc@act.buaa.edu.cn weiyc@stu.gxnu.edu.cn sunqy@act.buaa.edu.cn 

Haonan Yuan Jia Wu Hao Peng 
School of Computer Science and School of Computing, School of Cyber Science and 

Engineering, BDBC, Macquarie University Technology, BDBC, 
Beihang University Sydney, Australia Beihang University 

Beijing, China jia.wu@mq.edu.au Beijing, China 
yuanhn@act.buaa.edu.cn penghao@act.buaa.edu.cn 

Jianxin Li 
School of Computer Science and 
Engineering, Beihang University, 

Zhongguancun Lab 
Beijing, China 

lijx@act.buaa.edu.cn 

ABSTRACT 
Learning unbiased node representations for imbalanced samples 
in the graph has become a more remarkable and important topic. 
For the graph, a signifcant challenge is that the topological proper-
ties of the nodes (e.g., locations, roles) are unbalanced (topology-
imbalance), other than the number of training labeled nodes 
(quantity-imbalance). Existing studies on topology-imbalance focus 
on the location or the local neighborhood structure of nodes, ignor-
ing the global underlying hierarchical properties of the graph, i.e., 
hierarchy. In the real-world scenario, the hierarchical structure of 
graph data reveals important topological properties of graphs and 
is relevant to a wide range of applications. We fnd that training 
labeled nodes with diferent hierarchical properties have a sig-
nifcant impact on the node classifcation tasks and confrm it in 
our experiments. It is well known that hyperbolic geometry has 
a unique advantage in representing the hierarchical structure of 
graphs. Therefore, we attempt to explore the hierarchy-imbalance 
issue for node classifcation of graph neural networks with a novelty 
perspective of hyperbolic geometry, including its characteristics and 
causes. Then, we propose a novel hyperbolic geometric hierarchy-
imbalance learning framework, named HyperIMBA, to alleviate 
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the hierarchy-imbalance issue caused by uneven hierarchy-levels 
and cross-hierarchy connectivity patterns of labeled nodes. Exten-
sive experimental results demonstrate the superior efectiveness of 
HyperIMBA for hierarchy-imbalance node classifcation tasks. 
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1 INTRODUCTION 
In recent years, graph representation learning has shown its efec-
tiveness in capturing the irregular but related complex structures in 
graph data [12, 16, 21, 39, 51]. With the intensive studies and wide 
applications of graphs [22, 24, 40, 50], some recent works [8, 25, 44] 
show that the geometric properties of graph topology play a cru-
cial role in graph representation learning. Among the variety of 
topological properties, the hierarchy is a ubiquitous and signifcant 
property of graphs. In this work, we focus on the semi-supervised 
unbalanced node classifcation task for a graph with hierarchy. 

Due to the cost of labeling in the real-world, the number of 
labels in diferent classes is always imbalanced. Most of the exist-
ing studies on imbalanced learning of graphs focus on the imbal-

anced number of labeled nodes in diferent classes, i.e., quantity-
imbalance [15, 17, 23, 28, 42, 48], and a toy example as shown in 
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(a) Quantity-imbalance. (b) Position-imbalance. (c) Hierarchy-imbalance. 

Figure 1: Representative cases of imbalanced node classifcation on the graphs by label propagation. Colors represents diferent 
types of nodes, where the fll colors of nodes represent the ground truth and the border colors represent the classifcation result 
by label propagation. Incorrect results are marked with the dashed regions. The star and circular symbols represent the labeled 
nodes and unlabeled nodes, respectively. 

Figure 1 (a). With the in-depth study of the topological properties 
and the learning mechanism of GNNs, some recent works have fo-
cused on the problem of an unbalanced distribution of labeled nodes 
in topological positions, i.e., topological position imbalance. The 
(topological) position-imbalance [9, 38, 41] is caused by the uneven 
location distribution of labeled nodes in the topological space. As 
shown in Figure 1 (b), since the graph neural networks [16, 19, 47] 
learn node representations in the message-passing paradigm [14], 
even if the labeled nodes have balanced quantity, the uneven posi-
tion distribution of nodes leads to low-quality of label propagation. 
However, the existing works [9, 38, 41] only focus on the position 
and neighborhood information of nodes in the topology structure, 
and they are difcult to handle the label imbalance issue caused by 
implicit topological properties of graphs. To sum up, the imbalance 
issue exploring the topological properties is still in its infancy. 

Hierarchy-imbalance issue. Hierarchy is an important topo-
logical property of graphs, which simultaneously reproduces the 
unique properties of scale-free topology and the high clustering 
of nodes [31, 46] and can be widely observed in nature, from biol-
ogy to language to some social networks [2, 31], and refects the 
important role of nodes in the network. Since graphs with the hi-
erarchical structures are scale-free (with an exponential number 
growth of nodes and power-law degree distribution) [3] and highly 
modularity (with high connectivity) [11], it is difcult to measure 
label imbalance on hierarchical graphs simply by the quantity and 
location of nodes. For example, the graph in Figure 1 (c) with a 
hierarchical structure has a balanced quantity (with the same num-

ber of labeled nodes in each class) and balanced position (with the 
same shortest distance to the graph center and degree distribu-
tion) of labeled nodes. However, the blue- and green-class labeled 
nodes occupy higher hierarchy-level roles, resulting in a large num-

ber of errors in the classifcation results. It can be observed that 
the distribution of labeled nodes in the hierarchy can seriously 
afect the decision boundary shift of the classifer. Compared with 
quantity- and position-imbalance issues, exploring the hierarchy-
imbalance issue has two major challenges: (1) Implicit topology: 
hierarchy-imbalance is caused by the uneven distribution of la-
beled nodes in implicit topological properties, which is difcult 
to measure intuitively. (2) Hierarchical connectivity: hierarchy 
of the graph introduces more complex connectivity patterns for 

nodes, which are difcult to be directly observed and quantifed in 
a single way. Therefore, a natural problem is, "How to efectively and 
efciently measure the hierarchy for each node of graphs, and how 
does hierarchy-imbalanced label information afect the classifcation 
results by the message-passing mechanism? " 

Present work. To solve the above problem, we frst give a 
quantitative analysis for understanding and explore the hierarchy-
imbalance issue. Furthermore, inspired by the success of hyper-
bolic graph learning [8, 25, 43] for hierarchy-preserving [20, 27], 
we propose an efective metric to measure the hierarchy of la-
beled nodes using hyperbolic geometric embedding. Then we pro-
pose a novel Hyperbolic Geometric Hierarchy-IMBAlance Learn-
ing (HyperIMBA) framework to re-weight the label information 
propagation and adjust the objective margin accordingly based on 
the node hierarchy. The key insight of HyperIMBA is to use the 
graph geometric method to deal with the imbalance issue caused 
by the topological geometric properties. Specifcally, based on the 
Poincaré model, we design a novel Hierarchy-Aware Margin 
(HAM) to reduce the decision boundary bias caused by hierarchy-
imbalance labeled nodes. Then we design a Hierarchy-aware 
Message-Passing Neural Network (HMPNN) mechanism based 
on the class-aware Ricci curvature weight, which measures the infu-
ence from the label information and connectivity of neighborhood, 
alleviating the over-squashing caused by message-passing of cross-
hierarchy connectivity pattern by re-weight the "backbone" paths. 
Overall, the contributions are summarized as follows: 

• For the frst time, we explore the hierarchy-imbalance node repre-
sentation learning as a new issue of topological imbalance topic 
for semi-supervised node classifcation. 

• We propose a novel training framework, named HyperIMBA, to 
alleviate the hierarchy-imbalance issue by designing two key 
mechanisms: HAM captures the implicit hierarchy of labeled 
nodes to adjust the decision boundary margins, and HMPNN re-
weights the path of supervision information passing according 
to the cross-hierarchy connectivity pattern. 

• Extensive experiments on synthetic and real-world datasets 
demonstrate a signifcant and consistent improvement and pro-
vide insightful analysis for the hierarchy-imbalance issue. 
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(a) Quantitative analysis of hierarchical network. (b) Tree, hierarchical structure in hyperbolic space. 

Figure 2: (a) The quantitative analysis of the hierarchical graph and the Barabási–Albert graph. With the growth of the network 
scale, the cluster coefcients of BA networks are referred to as the power-law distribution, and the cluster coefcients of the 
hierarchical network vary independently of the scale of the network. The connectivity correlation analysis shows that the 
nodes tend to connect nodes with similar connectivity and betweenness in BA networks, and the low-degree nodes of the 
hierarchical network tend to connect to the core nodes. (b) Compared with the Euclidean embedding method, the Poincaré 
Model can better represent the hierarchy of nodes in hyperbolic space. 

2 PRELIMINARY 
In this section, we briefy introduce some notations and key defni-
tions. Our work focuses on exploring the relationship between the 
imbalance issue and hierarchical geometric properties of labeled 
nodes in the semi-supervised node classifcation task on graphs. 

2.1 Semi-supervised Node Classifcation 
Given a graph G = {V, E} with the node set V of � nodes and the 
edge set E. Let A ∈ R� ×� 

be the adjacency matrix and X ∈ R� ×� 

be the node feature matrix, where � denotes the dimension of node 
features. For node � , its neighbors set is � (�) : {� ∈ V|�, � ∈ E}. 
�� : |N (�) | is the degree of node � . Given the labeled node set V� 
and their labels Y� where each node �� is associated with a label 
�� , semi-supervised node classifcation aims to train a node classifer 

→ R� �� : � to predict the labels Y� of remaining unlabeled 
nodes V� = V \V� , where � denotes the number of classes. We 
separate the labeled node set V� into {V

� 
1 , V

� 
2 , · · · , V

�
� }, where 

V� 
denotes the nodes of class � in V� . We focus on semi-supervised 

�
node classifcation based on GNNs methods. 

2.2 Hyperbolic Geometric Model 
Hyperbolic space is commonly referred to a manifold with constant 
negative curvature and is used for modeling complex networks. In 
hyperbolic geometry, fve common isometric models are used to 
describe hyperbolic spaces [6]. In this work, we use the Poincaré 
disk model to reveal the underlying hierarchy of the graph. 

Definition 1 (Poincaré disk Model). The Poincaré Disk Model 
is a two-dimensional model of hyperbolic geometry with nodes located 
in the unit disk interior, and the generalization of n-dimensional with 
standard negative curvature � is the Poincaré ball B� = {� ∈ R� 

:� 
∥� ∥2 < 1/�}. For any point pair (�, �) ∈ B�

� , � ≠ �, the distance on 
this manifold is defned as: 

2 √ 
�B� (�, �) = √ tanh

−1 ( � ∥−� ⊕� �∥), (1)
� � 

where ⊕� is Möbius addition and ∥·∥ is �2 norm. 

Definition 2 (Poincaré norm). The Poincaré Norm is defned 
as the distance of any point � ∈ B� from the origin of Poincaré ball: � 

2 √ 
∥� ∥B� = √ tanh

−1 ( � ∥� ∥) . (2)
� � 

3 UNDERSTANDING 
HIERARCHY-IMBALANCE 

In this section, we present a novel hierarchy-imbalance issue for 
semi-supervised node classifcation on graphs. Then a quantitative 
analysis of how the hierarchical nature of the graph afects the 
representation learning of nodes is presented. Finally, we present 
a new insight on the hierarchy-imbalance issue of graphs from a 
hyperbolic geometric perspective. 

3.1 Hierarchy-imbalance of Node Classifcation 
The quantity and quality of the information received by a node 
determine the expressiveness of its representation in GNNs. In 
graphs with an intrinsic hierarchical structure, hierarchy is highly 
correlated with both the quantity and quality of information a node 
can receive. We argue that the imbalance of the node hierarchical 
tag afects the performance of GNNs in two aspects: 
(1) Implicit hierarchy-level: Considering the node label qual-
ity, the topological roles of labeled nodes are also highly relevant 
to the propagation of supervision information. Under the condi-
tion that the supervision information decays with the topological 
distance [5], the further the quality supervision information can 
achieve by propagation, the more signifcant infuence the nodes 
can receive. 
(2) Cross-hierarchy connectivity pattern: The hierarchical 
structure will introduce extra correlations in the graph topology, 
with the potential to cause nodes at diferent levels to have difer-
ent patterns of neighborhood connectivity. The message-passing 
of supervision and other information may cause an over-squashing 
problem when the messages are across diferent hierarchy-levels 
with narrow connectivity [44]. The reason is that there are narrow 
"bottlenecks" between hierarchy-levels with diferent connectivity. 

462



WWW ’23, April 30–May 04, 2023, Austin, TX, USA Xingcheng Fu, et al. 

Figure 3: An illustration of HyperIMBA architecture. (1) HyperIMBA learns the hyperbolic embedding and the hierarchy of each 
node by Poincaré model, then gets the hierarchy-aware margin and adds it to the GNNs loss to adjust the decision boundaries; 
(2) HyperIMBA calculates class-aware Ricci curvature for each edge, then transforms the Ricci curvatures to aggregated weights 
by an MLP and Softmax function. (3) HyperIMBA performs as GNNs with HAM and HMPNN for the node classifcation. 

3.2 Quantitative Analysis of Hierarchical 
Structure 

To further understand the hierarchy-imbalance issue, we use well-
known graph models to generate two types of synthetic graphs 
for quantitative analysis: (a) Hierarchical graph: It is a deter-
ministic fractal and scale-free graph with a 4-nodes module and 
4-levels hierarchy and is generated by the Hierarchical Network 
Model [31], (b) Barabási–Albert (BA) graph: It is a random 
scale-free graph with power-law distributions and generated by 
the extended Barabási–Albert Model [1]. 
Hierarchy and topological properties. Most classifcation meth-

ods based on graph topology rely on the modularity of graphs: the 
model can easily identify a set of nodes that are closely connected 
to each other within the class, but with few or no links to nodes 
outside the class [1]. These clearly identifable modular organiza-
tions have intuitive decision boundaries on the topology (Figure 1 
(b)). As shown in Figure 2 (a) left plot, unlike the BA scale-free 
graph model in which the clustering coefcients are independent 
of the degree of a particular node, the clustering coefcients in a 
hierarchical network can be expressed by a function of degree, i.e., 
� (�) = , and the exponent � = 1 in deterministic scale-free � −� 

networks [11]. It indicates that the decision boundaries may be 
implicit in the hierarchical topology (Figure 1 (b)). To sum up, the 
topological role importance of labeled nodes in the hierarchy can more 
efectively afect the decision boundaries between node classes. 
Hierarchy and correlations. The nodes with diferent hierarchy-
levels have diferent connection patterns on the hierarchical graph. 
To quantitatively analyze the local topological properties of nodes 
in the hierarchical network to reveal the connection patterns of 
diferent nodes, we consider two important local topological prop-
erties, connectivity(degree) and betweenness of nodes, where high 
connectivity represents nodes that are easier to propagate infor-
mation, and high betweenness represents nodes that are on the 
"backbone" paths of the graph. To quantify the graph propagation 
patterns across levels of hierarchy, we compute the correspond-
ing average nearest neighbor connectivity ⟨��� ⟩ and betweenness 

⟨��� ⟩ of nodes with connectivity � and betweenness � as: ∑ ∑ � � � � 
⟨��� ⟩ = � ′ prob � ′ | � , ⟨��� ⟩ = � ′ prob � ′ | � , 

(3) 
� � ′′ 

where � ′ and � ′ are connectivity and betweenness of other nodes, 
respectively. The results are shown in Figure 2 (a) right plots. For 
BA graph (blue lines), both ⟨��� ⟩ and ⟨��� ⟩ show that nodes tend 
to connect with other nodes whose connectivity and betweenness 
are similar to themselves. For the hierarchical graph (red lines), the 
⟨��� ⟩ results indicate that the nodes are more likely to connect to 
nodes at other diferent levels, and the ⟨��� ⟩ results reveal that more 
nodes on "backbone" paths are more frequently connected with the 
nodes in the local group. For example, these hierarchical properties 
on the Internet are likely driven by several additional factors, such 
as economic market demand. In conclusion, the quantitative analysis 
shows that the local connectivity and betweenness are closely related to 
the hierarchy of nodes, and the topological bottleneck of the graph may 
exist between diferent hierarchy-levels, which aggravates the over-
squashing problem in the message-passing of supervision information. 

3.3 Hierarchy of Hyperbolic Geometry 
Perspective 

Hyperbolic space can be understood as smooth versions of trees 
abstracting the hierarchical organization of complex networks [20]. 
Figure 2 (b) shows the node embeddings of the tree, hierarchical 
graphs on Euclidean and hyperbolic space. We can observe that the 
graph size grows as the radius of the Poincaré disk increases, and 
the hierarchy deepens as the graph size grows in hyperbolic space. 
Even though the hierarchical graph has a more complex structure, 
the position distribution of its hyperbolic embeddings is similar to 
a tree in hyperbolic space. In the GNNs community, learning the 
geometric properties of graphs has attracted much attention, and a 
typical case is learning the hierarchical structure of graphs using 
hyperbolic geometry [13, 18, 25]. In summary, hyperbolic geometry 
provides us with exciting ways to capture and measure the implicit 
hierarchical structure of graphs. 
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4 HYPERIMBA MODEL 
In this section, we present a novel hyperbolic geometric hierarchy-
imbalance learning (HyperIMBA) training framework to address 
the two main challenges of hierarchy-imbalance. The key insight 
is that we leverage hyperbolic geometry to abstract the implicit 
hierarchy of nodes in the graph and introduce a discrete geometric 
metric to deal with the over-squashing problem of supervision 
information propagated between hierarchy-levels. The architecture 
is shown in Figure 3, and the overall process of HyperIMBA is 
shown in Algorithm 1. 

4.1 Hyperbolic Hierarchy-aware Margin 
Our goal is to capture the implicit hierarchy of each labeled node, 
which is an important global property in a hierarchical graph to 
adjust the decision boundaries in the learning process. To this end, 
we design the Hyperbolic Hierarchy-Aware Margin (HAM), which 
consists of three steps: First, we use the topological information of 
the graph to learn a hyperbolic embedding of the graph by using 
the Poincaré model. The hierarchical weights of nodes are then 
learned using their hyperbolic embeddings. Finally, a hyperbolic 
level-aware margin is designed to modify the objective function. 
Step-1: Hyperbolic Embedding of Labeled Nodes. Poincaré
embedding [25] is a shallow method of learning embedding into an 
�-dimensional Poincaré ball B�

� 
. In our work, we utilize Poincaré

embedding to fnd the optimal embeddings of nodes by minimizing 
a hyperbolic distance-based loss function. Based on the hyperbolic 
distance in Equation 1, the loss function of Poincaré embedding is 
defned as follows: 

∑ −�B�� (�,� )
� LB� (Θ) = log Í , (4)� −�B� (�,� ′ )

� (�,�) ∈E � ′ ∈Neg(� ) � 

where the negative examples Neg(�) of � is Neg(�) = {� |�, � ∉ 
E} ∪ {�}. Then we utilize the stochastic Riemannian optimization

method to solve the optimization problem as:

Θ ′ ← arg minL(Θ) s.t. ∀�� ∈ Θ : ∥�� ∥ < 1/�. (5) 
Θ 

We follow Poincaré embedding using Riemannian stochastic gradi-
ent descent [4] to update the model parameters. For each labeled 
node � ∈ V� , we get the hyperbolic embedding �� 

by PoincaréB
embedding method to capture the hierarchy of the node. 
Step-2: Hyperbolic Hierarchy-aware Margin. In hyperbolic
geometric space, the hyperbolic distance (radius) � of an embedded 
node from the hyperbolic disk origin (North Pole) is able to abstract 
the depth of the hidden tree-like hierarchy [20]. In our work, we 
compute the hyperbolic radius according to Equation 2 as the hier-
archy of nodes by computing the Poincaré norm of the hyperbolic 
node embedding, and then we use a Multi-layer Perceptron (MLP) 
to transform the Poincaré norm into the hierarchy weights of the 
nodes. For each node � ∈ V , the Hierarchy-aware Margin is defned 
as: 

𝑦|V | ( (

 

 ))
HAM


 

𝑣𝑦 =

𝐿
Softmax MLP


 𝑣𝑒 

B .B (6)|V |𝐿

Step-3: Objective Function Adjustment. In Section 3.2, we
observe the hierarchy of a labeled node represents its global topo-
logical role and importance. Inspired by the margin-based imbal-

ance handling methods [38], we design the Hierarchy-Aware Mar-

gin to adaptively handle the intensity of supervision information 
based on a hierarchy to adjust the decision boundaries. The Hyper-
IMBA learning objective function is formulated as: ∑

1 L = LGNNs (HMPNN(�� ) + �HAM, �� ) , (7)∥V∥
� ∈V 

4.2 Hierarchy-aware Message-passing 
Although HAM can adjust the intensity of the supervision infor-
mation on global topology, it cannot recognize the hierarchical 
connectivity patterns of individual nodes. Based on the observa-
tions in Section 3.2, we draw a conclusion that a node of hierarchical 
graph tends to connect nodes with diferent connectivity (degree) 
and betweenness, and this cross-hierarchy connectivity pattern is 
more likely to lead to topology bottlenecks in message-passing. 
Class-aware Ricci curvature. Recently, Ricci curvature has been
introduced to analyze and measure the over-squashing problem 
caused by topological bottlenecks [44]. Inspired by this work, we 
extend Ollivier-Ricci curvature [26] as the edge weights to afect
message-passing, which can alleviate the over-squashing problem. 
Specifcally, we frst consider the label � distribution in the one-hop 
neighborhood of a node � is defned as: 

|{� ∈ N(�) | � = �}|
��,� = . (8)∥N (�)∥ 

Our class-aware Ricci curvature � (�, �)� of the edge (�, �) is defned
as: 

�� �� � (� ,� )� � 
� (�, �) = , (9)

� (�, �)
where � (·, ·) is the Wasserstein distance, � (·, ·) is the geodesic dis-
tance (embedding distance), and ��� 

is the mass distribution of� 
node �. The mass distribution represents the important distribu-
tion of a node and its one-hop neighborhood [26], and we further 
consider the label distribution in the neighborhood as: � if �� = � ���  

��
�,� (�� , ��

� 
�

�� ) = 1−� · �−��� � (�,�� )� 
if �� ∈ N(�) ,

� 
0 otherwiseÍ

where � = �� ∈N(� ) �
−� (�,�� )� 

. � and � are hyper-parameters

that represent the importance of node � and we take � = 0.5 and 
� = 2 following the existing works [37, 49]. 
Curvature-Aware Message-Passing. Class-aware Ricci curva-
ture measures how easily the label information fows through an 
edge and can be used to guide message-passing. We follow [49] by 
using an MLP to learn the mapping function from the curvature to 
the aggregated weights ��� of MPNN. We have Hierarchy-aware
Massage-Passing Neural Networks (HMPNN) as follow: 

��� = Sofmax (MLP (� (�, �))) ,∑ � �ª (10)

��� 
+1 = � � ­©��� , �� ��

� , ��� , �� � �� � ® .
� ∈N(� )« ¬ 
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Algorithm 1: HyperIMBA 

Input: Graph G = {V, E} with node labels Y; Number of 
training epochs �; Loss hyperparameter � 

1 Parameter � initialization; 

Output: Predicted label Yˆ . 
// Learn hierarchy of nodes 

2 Learning node Poincaré embedding �B ← Equation (4); 
3 Calculate node label distribution � ← Equation (8); 
4 Calculate class-aware Ricci curvature � ← Equation (9); 
5 for � = 1, 2, · · · , � do 

// Learn hyperbolic hierarchy-imbalance 
margin 

6 Calculate the HAM ← Equation (6); 
// Hierarchy-aware message-passing 

7 Learning curvature-aware HMPNN ← Eq. (10); 

8 Predict node labels ˆY ← Eq. (7); 
// Optimize 

9 Calculate the classifcation loss L ← Eq. (7), 
10 Update model parameters � ← � − �∇� . 
11 end 

Table 1: Statistics of real-world datasets. 

Dataset #Node #Edge #Label #Avg. Deg #H(G) 

Cora 2,708 5,429 7 4.01 0.83 
Citeseer 3,327 4,732 6 2.85 0.72 
Photo 7,487 119,043 8 31.80 0.83 
Actor 7,600 33,544 5 8.83 0.24 
Chameleon 2,277 31,421 5 27.60 0.25 
Squirrel 5,201 198,493 5 76.33 0.22 

5 EXPERIMENT 
In this section, we conduct comprehensive experiments to demon-

strate the efectiveness and adaptability of HyperIMBA 1 
on various 

datasets and tasks. We further analyze the robustness to investigate 
the expressiveness of HyperIMBA. 

5.1 Datasets 
We conduct experiments on synthetic and real-world datasets to 
evaluate our method, and analyze the model’s capabilities in terms 
of both graph theory and real-world scenarios. The statistics of the 
datasets are summarized in Table 1. The edge homophily H (G) is 
computed according to [29]. 

Synthetic Datasets. We generate the hierarchical synthetic 
graphs for essential verifcation and analysis of our method by the 
well-accepted graph theoretical model: Hierarchical Network 
Model (HNM) [31]. For each dataset, we create 1,024 nodes and 
subsequently perform the graph generation algorithm on these 
nodes. For the hierarchical graph, we consider an initial network 
of � = 4 fully interconnected nodes as the fractal, and derive � = 5 
times in an iterative way by replicating the initial fractal of the 
graph according to the fractal structure. For each generated graph, 

1
The code is available at https://github.com/RingBDStack/HyperIMBA. 
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Figure 4: Performances of diferent hierarchy-level training 
setup on the synthetic graph. 

we randomly select 80% nodes as the test set, 10% nodes as the 
training set, and the other 10% nodes as the validation set. 

Real-world Datasets. We also conducted experiments on sev-
eral real-world datasets: (1) Citation network: Cora and Citeseer [35] 
are citation networks of academic papers. (2) Co-occurrence network: 
Photo [36] is segment of the Amazon co-purchase graph and Ac-
tor [30] is an actor co-occurrence network. (3) Page-page network: 
Chameleon and Squirrel [34] are page-page networks on Wikipedia. 
Since we focus on the imbalance issue of topological properties, we 
set the same number of labeled nodes for each class. 

5.2 Experimental Setup 
Baselines. We choose well-known GNNs as backbones, including 
GCN [19], GAT [47], and GraphSAGE [16]. To evaluate the proposed 
HyperIMBA, we compare it with a variety of baselines, including: 
the most relevant baselines of the topology-imbalance issue are 
ReNode [9] and TAM [38]. ReNode is a position-aware and re-
weighted [7, 10, 32] method, and TAM is a neighborhood class 
information-aware margin-based method. DropEdge [33] randomly 
removes a certain number of edges from the input graph at each 
training epoch, which acts as data augmentation [28] in terms of 
structure. SDRF [44] is a structure rewiring method for the over-
squashing issue, which modifes edges with Ricci curvatures. 

Settings. We set the depth of GNN backbones as 2 layers and 
adopt the implementations from the PyTorch Geometric Library2 

in 
all experiments. We set the representation dimension of all baselines 
and HyperIMBA to 256. The parameters of baselines are set as the 
suggested value in their papers or carefully tuned. For DropEdge, we 
set the edge dropping/adding probability to 10%. For HyperIMBA, 
we set the hyperbolic curvature � = 1 of Poincaé model. 

5.3 Performance Evaluation 
Performance on Synthetic Graphs. To verify the hierarchy cap-
turing ability, we evaluate our method on hierarchical organization 
synthetic graph HNM. The node classes of HNM are three communi-

ties with the same hierarchical structure and are evenly distributed 
in three directions of the graph, as shown in Figure 4. We divide 
the hierarchical graph into three levels according to the hierarchy-
level: the top-level (1, 2, 3-order fractals of HNM), the middle-level 

2
https://github.com/rusty1s/pytorch_geometric 
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Table 2: Weighted-F1 score and Micro-F1 score (% ± standard deviation) of node classifcation on real-world graph datasets. 
(Result: average score ± standard deviation; Bold: best; Underline: runner-up; The hyphen symbol indicates experiments results 
are not accessible due to memory issue or time limits.) 

Cora Citeseer Photo Actor Chameleon Squirrel 
Model 

W-F1 M-F1 W-F1 M-F1 W-F1 M-F1 W-F1 M-F1 W-F1 M-F1 W-F1 M-F1 
original 79.4±0.9 77.5±1.5 66.3±1.3 62.2±1.2 85.4±2.8 84.6±1.3 21.8±1.3 20.9±1.4 30.5±3.4 30.5±3.3 21.9±1.2 21.9±1.2 
ReNode 80.0±0.7 78.4±1.3 66.4±1.0 62.4±1.1 86.2±2.4 85.3±1.6 21.2±1.2 20.2±1.6 30.3±3.2 30.4±2.8 22.4±1.1 22.4±1.1 
DropEdge 79.8±0.8 77.8±1.0 66.6±1.4 63.4±1.6 86.8±1.7 85.4±1.3 22.4±1.0 21.4±1.3 30.6±3.5 30.6±3.3 22.8±1.2 22.8±1.2 
SDRF 82.1±0.8 79.3±1.0 69.6±0.4 66.6±0.3 - - - - 32.3±0.7 39.0±1.2 - -

ReNode+TAM 80.1±0.9 78.2±1.6 67.1±1.4 62.3±0.9 87.6±1.3 86.9±1.0 23.1±0.9 22.2±1.3 32.3±0.9 32.1±0.8 22.1±0.4 22.1±0.3 
HyperIMBA 83.0±0.3 83.1±0.4 76.3±0.2 73.4±0.3 92.8±0.3 92.5±0.3 30.7±0.2 29.3±0.4 44.1±0.7 42.3±1.1 31.2±2.4 28.4±2.0 

original 78.3±1.5 76.4±1.7 64.4±1.7 60.6±1.7 88.2±2.9 86.2±2.6 21.8±1.2 20.9±1.1 29.9±3.5 29.9±3.1 20.5±1.4 20.5±1.4 
ReNode 78.9±1.2 77.2±1.5 64.9±1.6 61.0±1.5 89.1±2.4 87.1±2.6 21.5±1.2 20.5±1.1 29.2±2.3 29.1±2.0 20.4±1.8 20.4±1.8 
DropEdge 78.7±1.3 76.9±1.5 64.5±1.4 60.5±1.3 88.9±1.9 87.1±2.1 22.9±1.2 21.8±1.1 30.3±1.6 30.2±1.2 21.2±1.5 21.2±1.5 
SDRF 77.9±0.7 75.9±0.9 64.9±0.6 61.9±0.9 - - - - 43.0±1.9 42.5±1.9 - -

ReNode+TAM 78.4±1.3 77.3±1.3 64.2±1.3 63.1±0.8 89.0±1.8 87.3±1.7 21.3±1.2 20.7±1.1 30.9±1.5 30.2±1.8 20.0±1.4 19.4 ±1.2 
HyperIMBA 83.5±0.3 83.6±0.3 75.0±0.4 73.0±0.4 92.5±0.5 92.1±0.8 30.9±1.0 29.8±1.0 43.2±0.7 42.5±0.6 31.1±1.0 28.7±1.3 

original 75.4±1.6 74.1±1.6 64.8±1.6 60.7±1.6 86.1±2.5 83.3±2.4 24.0±1.2 23.2±1.0 36.5±1.6 36.2±1.6 27.2±1.7 27.2±1.7 
ReNode 76.4±0.9 75.0±1.1 65.4±1.7 61.2±1.7 86.5±1.7 84.1±1.7 23.7±1.2 22.8±1.0 36.4±1.9 36.1±1.9 27.7±1.8 27.7±1.8 
DropEdge 76.0±1.6 74.5±1.6 65.1±1.4 60.9±1.4 86.2±1.6 83.5±1.4 24.1±1.0 23.3±0.9 37.5±1.4 37.2±1.4 27.5±1.8 27.5±1.8 
SDRF 75.7±0.8 74.6±0.8 65.3±0.6 61.4±0.6 - - - - 41.5±2.6 41.6±2.7 - -

ReNode+TAM 76.0±1.1 74.9±1.0 67.1±2.0 63.4±1.2 86.4±1.4 83.8±1.2 23.6±1.2 22.5±1.3 38.3±1.8 38.1±1.8 27.8±1.4 27.8±1.4 
HyperIMBA 72.4±0.3 71.5±0.5 72.8±0.2 70.5±0.3 80.9±1.2 78.2±1.2 35.6±0.6 34.3±1.1 42.9±0.6 42.5±0.6 38.6±1.1 36.9±0.7 
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Table 3: Weighted-F1 scores (% ± standard deviation) and improvements (%) results of Ablation Study. (Result: average score ± 
standard deviation; Bold: best.) 

Cora Citeseer Photo Actor Chameleon Squirrel 
Model 

W-F1 (%) Δ (%) W-F1 (%) Δ (%) W-F1 (%) Δ (%) W-F1 (%) Δ (%) W-F1 (%) Δ (%) W-F1 (%) Δ (%) 
GCN 79.4±0.9 - 66.3±1.3 - 85.4±2.8 - 21.8±1.3 - 30.5±3.4 - 21.9±1.2 -

HyperIMBA (w/o HMPNN) 82.3±0.3 ↑2.9 71.3±0.7 ↑5.0 92.4±0.3 ↑7.0 29.6±2.9 ↑7.8 39.6±0.9 ↑9.1 24.9±0.8 ↑3.0 
HyperIMBA (w/o HAM) 82.9±0.5 ↑3.5 75.8±0.5 ↑9.5 92.6±0.4 ↑7.2 30.1±0.5 ↑8.3 42.4±0.9 ↑11.9 26.3±0.8 ↑4.4 

HyperIMBA 83.0±0.3 ↑3.6 76.3±0.2 ↑10.0 92.8±0.3 ↑7.4 30.7±0.2 ↑8.9 44.1±0.7 ↑13.6 31.2±2.4 ↑9.3 

(4-order fractals of HNM), and the bottom-level (5-order fractals 
of HNM), respectively, to verify the efect of the model using la-
beled nodes at diferent hierarchy-levels as training samples. We 
allow randomly sample labeled nodes in low-level to supplement 
the high-level labeled nodes together as training nodes to reach a 
consensus for each class. According to Figure 4, HyperIMBA sig-
nifcantly outperforms all baselines, especially with top-level or 
bottom-level training setup. In addition, unlike the performance 
of ReNode and TAM increases monotonically from the top- to 
bottom-level, the performance of HyperIMBA and vanilla GCN is 
higher in the top- and bottom-level than in the middle-level. This 
phenomenon matches perfectly with the hierarchical connectivity 
pattern which we discussed in Section 3.2, i.e., nodes of a hierar-
chical graph tend to connect with nodes of diferent connectivity 
and betweenness rather than the nodes with similar properties. Hy-
perIMBA benefts from the discrete curvature-aware re-weighting, 
which efectively alleviates the over-squashing problem caused by 
cross-hierarchy connectivity pattern. 
Performance on Real-world Graphs. Table 2 summarizes the per-
formance of HyperIMBA and all baselines on six real-world datasets. 
Our HyperIMBA shows signifcant superiority in improving the 
performance of GCN and GAT on all datasets. It demonstrates that 
HyperIMBA is capable of capturing the underlying topology and 
important connectivity patterns, especially for the backbones that 
can thoroughly learn the topology. Our method has only a few 
improvements for the backbone on high homophily and weak hier-
archical graphs such as Cora. By contrast, our method achieves an 

overwhelming advantage on graphs with high heterophily datasets 
(Actor, Chameleon, and Squirrel). TAM improves the performance 
of ReNode by considering the label connectivity of the neighbor-
hood, but it still does not work well on the graph with poor connec-
tivity (Citeseer). The reason for the poor performance of ReNode 
is that topological boundaries are difcult to be directly used as 
decision boundaries on real-world graphs. Compared with SDRF, 
HyperIMBA further considers the over-squashing problem of super-
vision information, and the improvement of results also confrms 
our intuition. Note that the performance of HyperIMBA depends 
on whether global and higher-order topological properties play 
an important role in learning. For the subgraph-sampling method 
(GraphSAGE), HyperIMBA can still obtain signifcant improvement 
in most cases of incomplete topology information. 

5.4 Analysis of HyperIMBA 
In this subsection, we conduct ablation studies for HAM and 
HMPNN, to provide further performance analysis for our model. 
Then we perform a case study of hierarchy-imbalance learning, 
and provide the observation of the learning performances under 
diferent hierarchy-level training settings to explore the intrinsic 
mechanism of the hierarchy-imbalance issue. We also visualize the 
learning results to provide further insights into the impact caused 
by the hierarchy-imbalance issue more intuitively. 
Ablation Study. We conduct ablation studies for the two 
main mechanisms of HyperIMBA, hierarchy-aware margin and 
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Figure 5: Performances and analyis on Photo with diferent hierarchy-levels training setting. 

hierarchy-aware message-passing. We choose GCN as the back-
bone, and the results are shown in Table 3. HAM plays a key role 
in alleviating the hierarchy-imbalance issue, and demonstrate the 
superiority of hyperbolic geometry for capturing the underlying 
hierarchy of graphs. Moreover, HMPNN also signifcantly alleviates 
the over-compression problem of label supervision information. In 
summary, HyperIMBA consistently outperforms the GCN and the 
other two variants on all real-world datasets. 
Case study and Visualization. We construct a case study based 
on the real-world dataset Photo to explore how the labeled nodes 
at diferent hierarchy-levels will afect the learning models. We 
divide fve regions in the embedded Poincaré disk of Photo, and 
randomly sample labeled nodes in the regions as training samples, 
respectively. In order to satisfy the quantity-balanced setting of 
labeled nodes for each node Wclass, we also perform a random 
supplement selection of nodes according to a certain probability 
as in Subsection 5.3. Figure 5 shows the training setting of fve 
hierarchy-levels and reports the performances and visualizations 
of GCN and HyperIMBA for each hierarchy-level using t-SNE[45]. 

As we can observe in Figure 5, the labeled nodes with difer-
ent hierarchy-levels signifcantly afect the shapes and boundaries 
of the node embedding clusters, which indicates that the hierar-
chical properties can directly afect the decision boundary of the 
model by handling the connectivity pattern on the graph. An in-
teresting observation is that the top-level labeled nodes make the 
embedding distribution much more compact and produce a large 
number of false positives, which indicates that it has a severe over-
squashing problem in the message-passing process. It is consistent 
with the quantitative analysis in Section 3.2, i.e., the nodes with 
high connectivity and betweenness refer to connect nodes with low 

connectivity and betweenness according to hierarchical connectiv-
ity patterns. In addition, we observe that the bottom-level nodes 
with more diverse information, resulting in node clusters with dif-
fuse shapes and wider boundaries, may easily lead to conficts or 
overlaps between diferent node classes. The visualization of the 
results in Figure 5 shows that HyperIMBA consistently maintains 
the appropriate node cluster shapes and boundaries under diferent 
hierarchy-level training settings. 

6 CONCLUSION 
In this paper, for the frst time, we explore the hierarchy-imbalance 
issue on the hierarchical structure, which is a signifcant topo-
logical property of the graph. We proposed HyperIMBA, a novel 
training framework to alleviate the hierarchy-imbalance issue from 
the hyperbolic geometric perspective. HyperIMBA can efectively 
capture the implicit hierarchy of nodes by hyperbolic geometric 
embedding, and we propose a hierarchy-aware margin for adjusting 
classifcation decision boundaries. Moreover, HyperIMBA leverages 
discrete local curvature to improve the message-passing mecha-

nism for alleviating the over-squashing problem caused by hierar-
chy connectivity patterns. Experimental results on synthetic and 
real-world datasets demonstrate that HyperIMBA consistently and 
signifcantly outperforms existing works. 
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